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Abstract 

We prove the scaling relation \ = 2£ — 1 between the transversal exponent £ and the 
fluctuation exponent \ for directed polymers in a random environment in d dimensions. 
The definition of these exponents is similar to that proposed by S. Chatterjee in [8] in 
first-passage percolation. The proof presented here also establishes the relation in the 
zero temperature version of the model, known as last-passage percolation. 

1 Introduction 

This paper is about Directed Polymers in a Random Environment. In this model, we place 
non-negative, independent, identically distributed random variables (r e ), one at each nearest 
neighbor edge of Z d . For u, v vertices of Z d , a directed path from u to v is a sequence 
of vertices (vfc)£ =0 , and nearest neighbor edges = (v^, v^+i), k — 0, . . . , n — 1 such that 
vo = u, v„, = v and the coordinates of the v^'s are non- decreasing in k. 

Given > we define the partition function from u to v at inverse temperature /3 as 

Z"(u,v) = £ exp(-/3r( 7 )) , 

7:11— s-v 

where the sum runs over all directed paths from u to v and t{j) = ^2 e€ ^T e . Note that to 
have a non-empty collection of directed paths one needs the coordinates of the final point 
to be greater than or equal to those of the initial point. We will write this condition as 
u < v. We then extend the partition function to M d in the natural way: if u G R d then 
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write [u] for the unique lattice point such that u G [u] + [—1/2, l/2) d . We then define 
ZP(u, v) = Z^([u], [v]). Associated to Z"{\i, v) is the random probability measure 

^ u ' v ^ = ZP(u v) exp(-/3r ( 7 )) ' 

In this paper we will study the relation between three exponents. The first one, denoted 
by Xi measures the growth of the variance of the partition function Z^(0,ne), where 

e = (l,...,l)GZ d , 

as n goes to infinity. The second, denoted by £, measures the transversal fluctuations of a 
typical path sampled from \Xq ne . The third, denoted by k, measures the curvature of the 
limiting free energy in the direction e. We will show that these exponents are related by 

X = k£-(k-1). (1.1) 

This scaling relation is now known for an undirected zero temperature version of the 
model that we consider here (first-passage percolation) ([8], see also [5]). The directed zero 
temperature case can be proved by methods similar to those presented here (See Remark [2]). 
The actual values of x an d £ are known for certain "exactly solvable" models in two dimen- 
sions (see [131 US 122] for instance). For these models in a appropriate sense, £ = 2/3, 
k = 2 and \ = 1/3 and therefore fll.l[) holds. 

It is conjectured that in any dimension, under mild assumptions on the distribution of 
the r e 's, k = 2. In this case, ( 11. ip becomes the famous KPZ scaling relation (see [15]): 



X = 2£-l. (1.2) 



We will define these exponents in Section ll.l[ where we also state our main result. 
First, we will state the shape theorem for the free energy. This theorem is the analogue 
of the classical shape theorem proved by Richardson [21] in the the Eden model and then 
by Cox-Durrett [10] for first-passage percolation models. The shape theorem was extended 
to directed percolation models by Martin in [18]. Our proofs follow their ideas with minor 
modifications and are presented in Appendix [A] Let | • |i denote the i\ norm in Z d . For 
x G 7L d + := {z = (zi, . . . , Zj) G Z d : Zj > for all i}, define the free energy as 

(The factor gH*' 1 is present to force F(0, x) > 0.) 

We prove the following basic properties in Appendix [A] They are analogous to ones 
proved for directed last-passage percolation [T8] . 

Proposition 1.1. //Er e < oo then for all x, y G W^, 

1. the following limit exists a.s. and in L\: 



lim — F(0,nx) =: /(x) < oo 
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2. f is nonnegative. Furthermore, 

in f > o (1.4) 

xeR^\{o} |x|i 

if and only z/P(r e = 0) < 1. 

3. f is positive homogenous; that is, for any A > 0, /(Ax) = A/(x). 
4- f is invariant under permutation of the cooordinates. 

5. /(x + y)</(x) + /(y). 

6. f is continuous. 

The function / will be called the limiting free energy. We set 

B t = {x e R d + : F(0, x) < t} and B = {x£l|: /(x) < 1} . 

Note that by the above proposition, B is compact and convex. The shape theorem is then 
the following: 

Proposition 1.2. IfE,r d+a < oo for some a > and P(r e = 0) < 1, then for any e > 
f((1 - e)B C y C (1 + e)S /or a// sufficiently large t J = 1 . 
We prove Propositions 11.11 and 11.21 in Appendix [A] 
1.1 Exponents and main result 

We will now rigorously define the three exponents mentioned above. 

Let | • | denote the Euclidean norm in M. d . Our main assumption on the limiting free 
energy is the following curvature requirement in the diagonal direction. 

Assumption 1.1. There exists a positive number k and positive constants Ci,C2,s such 
that if z • e = and |z| < e then 

C 1 |z|*<|/(e + z)-/(e)|<C 2 |z|« . (1.5) 

Remark 1. We fixed the direction e to simplify notation. All theorems can be extended 
to any direction where the analogue of (|1.5p holds. It is worth noting that it is always 
possible to find directions (possibly different) where the lower and upper bounds of (11.51) 
hold with k — 2. (See for instance [H Section 5].) 

Definition 1.1. The number k that satisfies (11.51) is called the curvature exponent of 
the polymer model in the diagonal direction. 
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We now define the other two exponents. Given x e M d we set L(x) to be the line segment 
in ]R d that interpolates between and x. For any r > 0, we define the cylinder of radius r 
between and x as the set 

C x [r] := jz G Z d : inf |z - w| < r 
|^ weL(x) 

We say that a nearest neighbor path 7 is in the cylinder C x [r] if all vertices of 7 lie in C x [r]. 

Definition 1.2. The transversal exponent £ a is the smallest real number such that for 
any £' > £ a there exist a, 5 > such that for all n 

F^ ,ne(7 e C ne [n«']) < 1 - < e~ nS . (1.6) 

Definition 1.3. The transversal exponent is defined as 

6 = inf |e:Ve>0, P^o,ne(7 e C ne [n^]) > 1 - ej 1 J . (1.7) 

Roughly speaking, the exponent £ is such that a typical polymer path of length n deviates 
from the straight line by a distance of order n£. Definition 11.21 guarantees that the path is 
inside any cylinder of radius for £' > £ a , while Definition 11.31 guarantees that a cylinder 
of radius for £" < ^ is not large enough to contain the path. Note that trivially 

0<6<&<i. ' 

We will need to define two fluctuation exponents. 

Definition 1.4. The fluctuation exponent \ a is defined as the smallest number such 
that for any x' > Xa, there exists a > such that 

sup Eexp a 1 v ' ; , Jl < 00 . (1.8) 

vez^\{o} V |v|^ / 

Definition 11.41 says that the collection of random variables I l jF (°' v )~^ / jr (°' v )l J j s 

V |v| i / vGZ^\{0} 

exponentially tight. It is known by the work of Piza [20l Proposition 1(c)] (see also [T7l 
Equation (1.15)]) that this holds for x' = 1/2 if one assumes finite exponential moments 
for the distribution of r e . The next definition guarantees that the variance of -F(0, v) is not 
significantly smaller than |v| 2x6 . 

Definition 1.5. The fluctuation exponent Xb is defined as the largest number such that 
for any x" < Xb 

a« >0 , (1J) 

n n x 

Our main result in this paper is the following. 
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Theorem 1.1. Assume that the polymer model has exponents as in definitions 1 1 . ilTOl with 
X-=Xa = Xb and £ := £ a = £ b . Then 

X = «£-(«- 1) • (1.10) 

We finish this section with a few remarks. 

Remark 2. The directed zero temperature case, commonly called last-passage percola- 
tion, can be analyzed in the same way (and even with the same proof) as what is given here. 
The only difference is that we must make the assumption P(r e = S) < 1, where 5" is the 
supremum of the distribution of r e . In particular, one can show that under the assumption 
of existence of exponents analogous to above, one has the relation x — K £ ~ ( K ~ !)• Equation 
( 11.1 Op has been shown to hold for some definition of exponents in certain "exactly solvable" 
cases [13]. For more information on exact solvable models the reader is invited to check the 
survey [9] and the references therein. 

Remark 3. For a log-gamma distribution on edge-weights in dimension 2, Seppalainen 
[22] has explicitly derived the limiting shape for the free energy. Consequently it can be 
verified that the exponent k equals 2 in this case. 

Remark 4. Equation (jl.lOp is trivially true when the environment is not present. In- 
deed, for (3 = the polymer path is roughly a simple random walk and therefore \ = and 
£ = 1/2. In two dimensions, if (3 scales to zero as a function of n as (3 = cn" 1 ^, it is also 
known that (11.101) holds with d — 1 with \ — 0, £ = 1/2. Interestingly, in this case, the 
fluctuations do not decouple from the random environment and the polymer path has non- 
trivial scaling limit [1J. Equation (ll.lOp also holds for directed polymers in thin cylinders, 
for directions asymptotically close to a coordinate axis [I]. 

The rest of this manuscript is organized as follows. In Section 2, we prove the upper 
bound x — K £ — ( K — !)• This is the most involved part of the proof of Theorem 11.11 In 
Section 3, we prove the lower bound by the same argument initially given by Newman - Piza 
[TU] . In Appendix A we prove Proposition 1 and the Shape Theorem while in Appendix B 
we establish a lemma that estimates the rate of convergence of _F(0,x) towards /(x). 

2 Proof of % < k;£ — (k; — 1) 

To prove the upper bound \ < k£ — (k — 1) we will follow the strategy of [3]. We start with 
a lemma. Write 1(A) for the indicator function of the event A. 

Lemma 2.1. Let X and Y be random variables with \\ A|| 4 , ||F|| 4 < oo and let B be an event 
such that for some e > 0, 

\X — Y\I(B) < e almost surely. 

Then 

| Var X - Var Y\ < \\X - F|| 4 (||X|| 2 + \\Y || 2 )P(5 C ) 1/4 + e(||X|| 2 + ||Y|| 2 ) • (2.1) 
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Proof. Let X = X — EX and Y = Y — EY. The left side of Q23J) equals 



i^m -pi* 



\X\\2 — \\Y\\2 

< ||X-F|| 2 (||X 



1*112 + \\y\ 



2 + imb) 

= \\(X- Y)im + (X - Y)I{B)U\\X\\ 2 + ||Y|| 2 ) 

< ||x - f|| 4 (||x|| 2 + ||r ypoeo 1 / 4 + £ (||x|| 2 + ||r|| 2 ) 



□ 



Note that by [201 Proposition 1(b)], Xb < 1/2. Therefore if £ = 1 then the bound 
X < k(, — (k — 1) holds. Because we will deal with the case x — in a later argument, we 
will now assume that 

£ a < 1 and X b > (2.2) 
so that we can choose £' and x" such that 



£ a < f ' < 1 and < x" < Xb ■ 
Let v n be a point in Z d with v„ • e = and |v n | G [2n^ , 3n^ ]. Set 

<5F(n, O = F(0, ne) - F(v„, v n + ne) . 



(2.3) 



2.1 Lower bound on Var <5F(n, £') 

Proposition 2.2. Assume (12.21) . For eac/i £' and chosen as in (12.31) . £/iere exists C = 
C(£', x") such that for all n, 

Var 5F(n, £') > Cn 2x " . 

Proof. Let Ci = C ne [n^'] and C 2 = Ci + v n . Note that by our choice of v n , Ci fl C 2 = 0. We 
now define the restricted partition functions Zi(n)' and Z 2 (n)' as follows: 

Z X H'= ]T exp(-/3r( 7 )), Z a (n)' = ]T exp(-/3r( 7 )) 

7:0— >ne,7CCi 7:v n — >v„+ne,7CC2 

with the corresponding free energies F[ and as in (II. 3p . 

Note that F[ and F 2 are independent random variables with the same distribution. We 
will now show that given our choice of the size of the cylinder C\, the variance of F(0,ne) 
cannot be much higher than the variance of F[. 

Let a = a(£') be given as in Definition 11.21 Let B be the event {F(0,ne) > F[ — 
i n -(i+a) and F(v n , v n + ne) > F 2 — ±n-( 1+Q >}. Note that 

5 C C {log// ,„e(Ci) < -rT^} U {log// v „, v „ +ms (C 2 ) < -rT^} . 

Therefore from the inequality exp(— x) < 1 — for a; small and positive and by the definition 
of £ a there exists 5 > so that ¥(B C ) < 2e~ Sn for n large enough. 
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By Lemma O with X = 5F(n,£'), Y = 6F(n,£')' := F{ - F' 2 and e = |n"( 1+a ) there 
exists G\ > such that 

Var <JF(n,0 

> Var 5F(n, £')' " {\\SF{n, 1| 2 + ||*F(n, O'lh)^ + P(£ c ) 1/4 ||5F(n, £') - 6F{n, O'lU) 

> Var - CmV* 1 / 4 - Cm" . 

Here we have used that each is a difference of logarithms of partition functions, each of 
which has L 4 norm bounded above by Cn (compare for example to the contribution given 
by a deterministic path) for some constant C. Therefore there exists a constant C 2 such that 
for all n, 

Var 5F(n, £') > Var 6F(n, £')' - C2 • (2.4) 
But 8F(n,£')' is the difference of i.i.d. random variables distributed as F[, so 

Var 5F(n,g)' = 2 Var F^n)' . (2.5) 

By exactly the same argument as that given above, we can find C3 such that for all n, 

Var Fi(n)' > VarF(0,ne) - C 3 . 

Now, combining (I2.4p with (12. 5 p and using the definition of x" 1 we can find C4 such that for 
all n, Var fcFfaf) > C 4 n 2x ". ' □ 

2.2 Upper bound on Var <5F(n, £') 

In this section we work with the same choice of £' that satisfies (12.31) . We will prove the 
following. 

Proposition 2.3. Assume (12 ,2p and that (II .ip /io/ds /or some C\,Ci,e and k. For each rj 
satisfying £' < 7/ < 1 and eac/i x' > Xa ; iaere esiste D = D(r), x') such that for all n, 

Var 5F{n,C) < Dn 2 ^ 1 '^ 2 ^' K + Dn 2 ™' . 

Proof. Let C\ and C 2 be as in the proof of the lower bound. Let B be the convex hull of 
d UC 2 . Define 

L 1 = {veB:ve = 0}, R 1 =L 1 + [n v \e 

and L 2 = L\ + (n — [n^e, i? 2 = -^1 + ne. Let Z(u, v) be the constrained partition 
function from u to v only considering paths that intersect both R\ and L 2 and define the 
corresponding free energy F(u, v). Set 

F 1 = F(0,ne), F 2 = F(v n , v n + ne). 

As in the last section, if B is the event {F(0, ne) > Fi — -|n _ ( 1+a ) and F(v n , v n + ne) > 
A — ^ 72 ~ < " 1+Q ' ) }) Lemma [2.11 implies that there exists a constant C5 such that 

Var 5F(n, f ') < Var (F 1 - F 2 ) + C 5 . (2.6) 



7 



Therefore it suffices to bound Var (7\ — F 2 ), which is equal to ||Fi — All!- 
To do this, let 



Mi = max Z(u, v), rrii = min Z(u, v) for i = 1,2 . 



(2.7) 



Now, 
|F!-F 2 | 



1, Z(0,ne) 



/? Z(v n , v n + ne) 



< 



log 
log 



E yeRl , y ^L 2 ^(o.y)^(y ; y / )^(y / ^e) 
Eyejij.y'eLa z ( v "' y) z (y> y') z (y' ; v « + ne) 

MiM 2 



17111712 



(2.8) 



Lemma 2.1. There exists a constant C$ such that for all n 

E| log M x - log mxl 2 < C 6 n 2TO ' + C 6 n 2(?? -' t(j? - ? ' )) . 



Proof. Note that 



E| log Mi — log mi | <E( max | log Z(ui, Vi) — log Z(u 2 , v 2 ) 

U2GLi,v 2 Gi?i 



Now 



<4E max | logZ(0, n^e) - log Z(m, vi) 

uiGLi,vie_Ri 



max |logZ(0,n"e) -log^(ui,vi)| < 7 + 77 

uigLi,vig_Ri 



where 



/ = |logZ(0,n"e)+/3nV(e)|+ max | logZ(ui, Vl ) + 0/(v x - Uj) 

uigLi,viG_Ri 

77 = /3 max |/( Ul - vi) - /(n"e)| . 

uiSLi,viGi?i 

To estimate the second term, note that for any Ui e 7 X and vi G i?i 



(2.9) 



(2.10) 



|/(vi-ui)-/(n"e)|=n" 



/ 



vi ~ Ul 

71*1 



e + e -/(e) 



< C 2 n" 



Vi - Ui 



(2.11) 



where we used the curvature assumption ( 11. 5ft and the fact that 77 > 

The estimation of 7 follows directly from Lemma IB. 11 Indeed, taking Xa < X < x'> it 
provides a > such that 



sup Eexp ( a 
uieLi,viei?i 



logZ(ui,vi) + /3/(ui-vi) 

lui — Vi|* 



< 00. 



(2.12) 



Now note that for any a > and any positive random variable X one has 

1 



X U < -log2Ee 



aX 



a 



(2.13) 



This can be seen by Jensen's inequality as 



,a||X|| 



l + a||X|| 2 + ^ 1 11 J 21 < l + a\\X\\ 2 + Ej2^r- < a\\X\\ 2 + Ee aX . (2.14) 



n=2 



n=2 



III 



Because e Q||x|12 > 2a||X|| 2 , we must have a\\X\\ 2 < Ee aX , so e a||x|12 < 2Ee aX . Taking 
logarithms, we find (12.131) . 
Applying f[2TT3l to 



X = max 

UieLi,Vi€i?i 



logZ(ui, Vi) + /3f(v! - Ui) 



|Vi — Ui| x 

and using (I2.12p we obtain an upper bound for EX 2 of 



- log 2Ee aX ^\ < \ - log 2 V exp 
a I \ a ^— ' 

' \ Ul,Vl 



logZ(ui, vi) + f3f(y 1 - ui 
Ivi — Ui|* 



< C 8 (logn) 



Since |vi — Ui|* < Cgn v ^ this immediately implies that 

EI 2 < don 2 ™'. 

Hence, combining C I2. 151) and (12.111) we finish the proof of the lemma. 



(2.15) 



□ 



Going back to the proof of the Proposition, using Lemma 1 and (12. 8p we see that since 
F\ and F 2 have the same distribution 

Var(F! - F 2 ) < ^{C Q n 2 ™' + C 6 n 2 ^-^~^) . 
Using (12.61) . this ends the proof of Proposition 12.31 

□ 



2.3 Proof of x < «f - - 1) 

In this section we prove one of the two inequalities for the relation (II. ip . We first show that 
X > 0. We then split the proof into two cases depending on the value of x- The proof for 
X > will follow from the previous sections and the proof for x — will be essentially a 
rewrite of Chatterjee [8j Section 9]. 
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2.3.1 x i s always non-negative 

We follow the analogous proof of Chatterjee [H Section 3]. To prove that x > it suffices 
to show the existence of a constant C > such that for any v e \ {0} , Var F(0, v) > C. 
We proceed as follows. Assume that the edge-weights are non-degenerate. Let E be the 
collection of edges incident to the origin. Let C\ < c 2 be positive constants such that 

P(maxr e < ci) > and P(minr e > c 2 ) > . 

edE e&E 

Define a new environment r' e such that r' e = r e if e ^ E and is a independent copy of r e if 
e & E. Let F' be the corresponding free energy for the environment r' and T be the sigma- 
algebra generated by the edges e E. Under the event max eg £T e < c\ and min eg £Tg > c 2 
one has that for all vGZ| \ {0}, |F(0, v) - F'(0, v)| > c 2 - ci > 0. Therefore 

EVar(F(0,v) \ T) = [E(|F(0, v) — F'(0, v)| 2 | J 7 )] > I(c 2 - Cl ) 2 > 
which implies that for any veZj\ {0}, Var F(0, v) > C with C = |(c 2 — Ci) 2 . 

2.3.2 The case x > 

We combine Propositions 12.21 and 12.31 Indeed, it follows from these propositions that for any 
rj satisfying £' < r\ < 1 and any x" < X < x' one nas positive constants Ci, C 2 such that for 
all n > 1, 

Cm 2 *" < C 2 n 2 "( 1 - K ) +2 «' K + C 2 n 2 ™'. 

For any rj with £' < r\ < 1, we may choose x" = x"{v) an d x' = x'iv) (both converging 
to x as V ~~ >* 1) that are so close to x that 2r^x' < 2x" ■ This implies that for all n large 
enough Q-n 2x " < C 2 n 2,?(1 ~ K)+25 ' K . This can only hold if x" < tjO- ~ K ) + Taking 77 to 1 
and therefore x" to x we obtain 

X <«£-(«- 1) • 

2.3.3 The case x = 

In this section we prove the inequality x < K £ — ( K ~ 1) m the case X = 0> beginning with 
a lemma that replaces [8l Lemma 9.1]. For M > 0, let F( M )(0,x) be the free energy of all 
paths from to x in the constant environment, where each edge- weight equals M. 

Lemma 2.2. Assume that P(r e = L) < 1, where L is the infimum of the support of the 
distribution of r e and Er^ +a < 00 for some a > 0. There exists M > L such that 

P (F(0,x) > F (A/) (0,x) for all but finitely many x e Zj.) = 1 . 

Proof. Because of the shape theorem and Lemma IA.61 it suffices to show that for some 
M > L, 

EF(0,x) > F (M) (0,x) 
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for all nonzero x G Z^. We do this by a computation similar to that given in the proof of 
Proposition II. 1[ item 2. Write iV(0,x) for the number of directed paths from to x. We 
first consider the case L = and use Jensen's inequality: 

i y Ee _/3T(7) l Ixl 
EF(0,x) > --log±^^_ = -(Ixlilogd-logiVCCx)) - UilogEe-^ . 

On the other hand, 

F( A/ )(0,x) = --log- = ^(|x| 1 logd-logiV(0,x)) + M|x|x . 

So choosing M < — 4 logEe - ^ 7 " 6 (which is positive by assumption), the proof is complete. 

In the case L > we define new edge- weights (s e ) by s e = r e — L. Define -F s (0, x) in the 
same way as F(0,x) but for the weights (s e ). By the above argument, we find K > such 
that 

P (F s (0,x) > F (x) (0,x) for all but finitely many xeZ{) = l. 
But F s (0,x) + L|x|i = F(0,x), so we can set M = K + L. □ 

Proof o/x < — — 1) wi i/ie case x = 0. In the rest of this section, we essentially copy 
[8] with minor changes. We will prove the inequality by contradiction. Assume that x = 
and «;£ — (k — 1) < x- Then £ < (« — 1)/ac. Choose £' such that 

£<£'<(«-l)/«. 

Let 5 = be as in the definition of £ Q . 

Choose C) and r such that 0<r'<r<(<5/d and £ < Let n be a positive integer, 
to be chosen large at the end of the proof. Choose any z with z • e = and |z|i 6 (jv , 2n^ ]. 
Let w = ne/2 + z. Then because £' < (re — 1)/k, there exists Ci such that for all n, 

\f(w)-f(ne/2)\<C 1 . 

Similarly, 

\f(ne-w)-f(ne/2)\<C 1 . 

Therefore, for all n, 

|/(ne) - (/(w) - /(ne - w))| < C 2 . (2.16) 

By Lemma [B.ll and the assumption that \ = 0, the probabilities P(|F(0, w) — /(w)| > 
n r ), P(|F(w, ne) — f(ne — w)| > n r ) and P(|F(0,ne) — /(ne)| > n r ) are all bounded by 
e -c s n r r £ or some (j 3 depending on r only. These observations, along with (12.161) . imply that 
there are constants C 4 and C 5 , independent of our choice of n such that 

P(|F(0,ne) - (F(0,w) + F(w,ne))| > C 4 n r ) < e - c ^ r ' r ' . (2.17) 
By the definition of £ a , there exists C§ such that 

P(M7 e C ne [^']) > 1 - e-^ r ) > 1 - C 6 exp(-n 5 ) . (2.18) 
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Let F (0,ne) be the free energy of all paths from to ne that stay inside of the cylinder 
C ne [n?}. Inequality fl2TTg|) means in particular that 

P(F (0,ne) - F(0,ne) < n r ) > 1 - C 6 exp(-n s ) . 

Combining this with (j2.17p . we see that if E\ is the event 

E 1 := {|F (0,ne) - (F(0, w) + F(w, ne))| < C 7 n r } , 

(for C 7 = C 4 + 1) then 

P(£i) > 1 - C 6 e- nS - e - C5nr " r ' . (2.19) 

Let V be the set of all lattice points within l\ distance from w. Let 8V be the set of 
v G V which have one neighbor outside of V. Write d{V for the set of points v G dV with 
v < w. Letting L, M be as in Lemma [2. 2 [ we have 

¥(E 2 ) — >■ 1 as n — > oo , 

where i?2 is the event that F(y, w) > Fm{v, w) for all v G 9i V. 

Let J5(V) denote the set of edges in directed paths from vertices in d\V to w. Let 
(Tg) eg £(y) be a collection of i.i.d. random variables, independent of the original edge-weights, 
but having the same distribution. For e ^ E(V) let r' e = r e . Choosing L' such that 
L < V < M, let E 3 be the event 

E 3 := {r' e < L' for all e G . 

If E 3 occurs, then for each directed path a from a vertex in d\V to w, r'(er) < L'rS and 
therefore F'(y, w) < F^ L '\v, w), where -F'(v, w) is defined the same way as F(y, w) but for 
the weights {r' e ). We can estimate 

F(0, w) - F'(0, w) = log ■ ^ veaiV 



Ev 6 av e ^' (0 ' v ' )e " F ' (v, ' w) 



, -/3F(0,v) -/3(F(v,w)-F'(v,w)) -/3F'(v,w) 

log 



On the event E 2 (l E 3 , we have 

F(v, w) - F'(v, w) > F(v, w) - F^ (v, w) + f( M » (v, w) - F^ (v, w) > (M - L r 



7? 



and therefore F(0, w) - F'(0, w) > (M - L')n c . This means that if all of the events Ei 
i = 1, 2, 3 occur simultaneously then 

F (0,ne) > F(0,w) + F(w,ne)-C 7 n r 

> F'(0, w) + F'(w, ne) - C 7 n r + (M - L')n c . 

As C > r, we would then have, for some C§, 

/^o,ne(7 G C„[n?]) < e~ c ^ , 
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where // 0ne is the Gibbs measure for the weights (r f e ). 

Since the intersection nf =1 ^'s occurs with probability at least e~ CgnCd , 

P(//o,ne(7 e G w [n e \) > e~ c ^) < 1 - e~ c ^ d . 
Recalling that (d < 5, this contradicts (I2.18p . 



□ 



3 Proof of the lower bound % > ft£ — (ft — 1) 

The argument below was initially given for zero temperature in the work of Newman - Piza 
[19] as a rigorous version of one by Krug - Spohn and for positive temperature (but with 
a different definition of exponents than the ones we consider here) by Piza [20] . It was 
adapted by others, including Chatterjee [8], in several different models. Since this argument 
has appeared so many times in the literature we try to be brief in this section and leave 
some details to the reader. 

The proof will proceed by contradiction. Suppose that x < k£ — (ft — 1). Choose £' such 
that 

< £ < £ < 1 ■ 

K 

Let V be the set of all lattice points v in the set C ne [2n^']\C ne [n^'] such that < v < ne. 
We first claim that there is a constant C\ such that for any v e V and any nGN, 

/(v) + /(ne - v) > /(ne) + Cm^'-^- 15 . (3.1) 

Indeed, by symmetry, we may assume that v has Euclidean norm at least |. Let w be the 
orthogonal projection of v onto e. By convexity of / we have 

/(v) + f(ne - v) - f(ne) = /(v) - /(w) + f(ne - v) - f(ne - w) > /(v) - /(w) , 

but also 

/(v) - /(w) = /(v - w + w) - /(w) > Cm 1 *'-^ 

by Assumption 11.11 

Now, take xii X2 such that X < Xi < X2 < — ( K — !)• Then by Lemma IB .![ there is a 
constant C2 such that for n large enough, the following three inequalities hold: 



F(v, ne) < f(ne — v) — n 



\2 



exp ( 


- C 2 n X2 - 




exp ( 


- C 2 n X2 ~ 




exp ( 


- C 2 n X2 ~ 
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This combined with k£' — (re — 1) > \2 shows that for some C3 > if n is large enough, 
for any v G V, , 

F\F(0,ne)>F(0,v) + F(v,ne)-C 3 n^'- {K - 1) ^J < 3 exp ( - C 2 n X2 - Xl ) . 
The size of V is a polynomial function in n. This implies that there exists C4 > such that 

p(V(0, ne) > F(0, v) + F(v, ne) - Can^'-^ -1 ) for some vevj < exp ( - C 4 n X2 ~ Xl ) . 
Note that this translates to 



Pk in e({7 : v G 7}) < e~^ n 1 ; for some v G < exp(-C 4 n > 
and therefore for some C5 > we have 

P^ ,ne({7 : v G 7 for some v G V}) < g-^^^- 1 ' j < e xp(-C 4 n X2 - Xl ) . 
Now, an application of Borel-Cantelli shows that £' is such that for all e > 

and this contradicts the definition of 

A Proof of Proposition 11.11 and the Shape Theorem 

In this section, we prove Propositions 11.11 and 11.21 We start with a concentration lemma 
that will be used in both propositions. Let z 1; . . . , z k , z G such that 

Zi < ■ ■ ■ < Zfc < z . 

Define the free energy of all paths that pass through all z^'s from to z as 

F(0,z;z) = F(0,zi,...,z fc ,z) . 

Lemma A.l. Let z = (z 1; . . . , z&) and z be as above. Assume that P(r e < L) — 1. For any 

t > 0, 

p(V(0,z;z)-EF(0,z;z)| > VRi) - 2eXp (~2^) ' 
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Proof. Let JF G denote the trivial sigma-algebra and J-}, j > 1 be the sigma- algebra generated 
by the weights r e such that both endpoints of e have C 1 norm no bigger than j. To prove the 
lemma, we will write F(0, z; z) — EF(0, z; z) as a sum of \z\i martingale differences: 

z k 

F(0, z; z) - EF(0, z; z) = D 3 - - Dj_i, where Dj = E(F(0, z; z) | J}) . 

i=i 

For a fixed j, write i^r^, t^ 2 \ r®] for -F(0, z; z) as a function of the edge weights for edges 
with both endpoints of ^-norm no bigger than j (t^), strictly bigger than j (r®) and all 
other edges {t^). The bound on the edge weights implies that if (r e ) and (fi^) are sampled 
independently from P then 

|F[r (1) ,r (2) ,r (3) ] - F[r (1) , f (2) , r (3) ]| < L P-almost surely . 

Therefore a calculation gives 

\D j+1 -Dj \ < L for all j . 
By the Azuma-Hoeffding inequality [6], 

p(V(0,z;zO-EF(0,z;z)|>^ < 2exp (^T^) ■ ( A ' X ) 



The lemma follows by taking s = ty |z|i. □ 
A.l Proof of Proposition 11.11 

We will first prove existence of / and then we will prove properties (2)- (5). 



A. 1.1 Existence of the limit 

As usual, the L 1 and almost sure convergence (to a finite limit) of lim^oo -F(0, nx) for 
x G follows from Kingman's subadditive ergodic theorem. Because the model is not 
invariant under non-integer translations, to apply the same theorem with x G we have 
to enlarge the space, as in [T2] . 

Let Q = [—1/2, l/2) d x Q and define a probability measure P on this space as m x P, 
where m is Lebesgue measure. We write a typical configuration in Q as u = (r, u). For any 
y G define the translation operator T y on £7 in the following manner. If z G R d + then 
write z for z — [z]. Then T y is defined as 

T y (r,w) = (r + y,T [r+y] w) , 

Tr r+y ic<; is the translation of a; by vertex [r + y]. Note that P is invariant under T y (but not 
necessarily ergodic). Last, we define the free energy between vertices u and v in (r,u) as 

F(u,v)(r, W ) = F(u,v)( W ) . 
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Now that we set up the enlarged space, we briefly note that to show the existence of 

/(x) = lim(l/n)F(0,nx) (A.2) 

n—too 

almost surely and in L 1 , we may assume that all coordinates of x are strictly positive. 
Otherwise x is contained in a lower dimensional subspace of lR d and all directed paths from 
to x must stay in this subspace. By permutation invariance of the coordinates we could 
then assume the first k coordinates of x are the nonzero ones and argue for the existence of 
/ as below in the space 

So fix x = (xi, . . . ,Xd) with all coordinates nonzero and apply Kingman's subadditive 
ergodic theorem to the double sequence of variables (-F m>n ) m < n (for each ergodic component 
of the measure IP) defined by 

F m>n (uj) = F(mx,nx)(w) . 

This provides the existence of the limit 

(l/n)F(0,nx) -»■ /(x)(S) < oo P-almost surely (A.3) 

and in L 1 (1P). We are left to argue that this implies convergence under the original measure 
and that this limit is almost surely constant. 

We first address almost sure convergence. Equation flA.3[) means that if we select a 
point r uniformly at random in [—1/2, l/2) d , then with probability one, (l/n)F(r, r + nx) 
converges for almost all u. Fix some such r and call this limit /(x). Because it does not 
depend on any finite number of edge weights, /(x) is constant P-almost surely. Now write 

|(l/n)F(0,Tix)-/(x)| < |(l/n)F(r,r + nx)-/(x)| 

+ (l/n)|F(0,nx) -F(r,nx)| + (l/n)|F(r,nx) -F(r,r + nx)| . 

By definition, F(r, nx) = F(0, nx), so we are left to show 

(1/n) |F(0, nx) - F(0, r + nx) | ->■ almost surely . (A.4) 

By the positivity of the £;'s, fix k > 1 such that (1/k) < mmjXj. For such a choice, 

-1/2 + nxj > 1/2 + (n - fc)^- 

for all j and n > k and therefore 

r + (n — fc)x < nx < r + (n + A;)x for n > k . 

By subadditivity, 

F(0,r + (n + A;)x)-F(nx, r + (n + k)x) < F(0,nx) < F(0, r+ (n- A;)x) + F(r + (n- fc)x, nx) . 

Because (l/n)F(0, r + (n + A;)x) and (l/n)F(0, r + (n — A;)x) converge to the same number, 
we need then to show that 

(l/n)F(r + (n — A;)x, nx) and (l/n)F(nx, r + (n + /c)x) converge to . 
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Translating both terms back by (n — k)x it suffices to show that for each e > and R > 0, 

J^P sup F(t, s) > en < oo , 

" \|t|i,|l|i<H / 

which follows because the supremum inside has finite mean. This proves almost sure existence 
of the limit ( jA3j) . 



To show L 1 convergence, let 



T(0,x) = max t(j) (A.5) 

7:0— i>x 



and note the inequality 

< F(0,nx) < r(0,nx) + (n/0)|x|ilogd . 

Because (l/n)T(0,nx) converges almost surely and in L 1 (see [18, Proposition 2.1]), the 
dominated convergence theorem finishes the proof. 

A. 1.2 Properties of / 

We prove now that / has the properties of Proposition 11.11 For item (2), the assumption 
P(r e = 0) < 1 implies that Ee"^ < 1. So let x G If \ {0} and fix a directed path 
o-:0->-[x]: 

EF(0,x) = -lElog ^w;,;';^"' 7 " > logEe"**) = -ilog(Ee-^) IWI ' . 
Here we have used Jensen's inequality with the logarithm. This implies 

/(x) = lim -EF(0,nx) > -Hi logEe - ^ , 

n-^oo n p 

giving (TO|) . 

Next, if A > then 

/(Ax) = lim F(0 '" AX) = A lim F( °'" Ax) = A/(x) , 

proving item (3). (Here we have used that the convergence (l/n)F(0, nx) occurs over real n 
going to infinity, which is a slight extension of part (1).) Items (4) and (5) follow immediately 
from the facts that / is deterministic and F is subadditive. This implies convexity of /: if 
x,y6lf and A G [0,1], 

/(Ax + (1 - A)y) < A/(x) + (1 - A)/(y) 

and therefore / is continuous except possibly at the boundary of Mi_. 

For the remainder of the section we prove continuity at the boundary using a direct 
adaptation of the arguments of [18] . The strategy of the proof is to first consider the case 
where the weights are bounded and then use a truncation argument. The next lemma is the 
analogue of Lemma 3.2 in 
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Lemma A. 2. Suppose P(r e < L) = 1. Let R > and e > 0. There exists 5 > suc/i i/iai if 
|x| < i? and Xj = (where 1 < j < d), then for all < h < 5 , 

|/(x + /i ei )-/(x)| <e . 

Proof. By symmetry, we may take j = 1. We write a general vector in as (a;, x) where 
iGR + and x G We need to show that given i? > 0, for x = (x 2 , x 3 , . . . , Xd) G 

/(/i,x)->/(0,x), as fc->0+, 

uniformly in {x : |x| < i?}. 

Let x and /i > be as above and n G N. A path from to the point [n(/i, x)] contains 
exactly [n/i] steps which increase the first coordinate, so can be decomposed into a concate- 
nation of paths from (r, m r ) to (r, m r+1 ), r = 0, 1, 2, . . . , [nh], where m r G for each r 
and 

= m < mi < • • ■ < m [nh]+1 = [rax] . (A.6) 
As noted in [IB] , the number of the choices for the m r satisfying the above equation is 



n 

i=2 



nxi] + [nh] 
[nh] 



By Stirlings formula, this is exp[n<p(h, x) + o(ra)], where 



00, x) 



2<i<d 
Xi>0 



h + Xi . Xi + h 
— h Xi log 

h X; 



For each < % < [nh] define -F(m,, m i+1 ) as the free energy of all paths joining (i, mj) and 
(z + 1, m i+1 ). We trivially have 



F(0,n(/i,x)) = ~tog 



E J^exp(-/3F(m i ,m i+ i)) 



tno,mi,-,m [nfc ] +1 

For fixed m = {m r }, by subadditivity and the definition of / 

[nh] 



E Ffa, m<+0 > EF(0, ra(0, x)) > ra/(0, x) 



(A.7) 



i=0 



We can now apply Lemma IA.1I to obtain the existence of G\ > such that for any a > 



P 



[nh] [n/i] 

^ F(uii, m i+ i) - E 2j F(mi, m i+1 ) 



i=0 



i=0 



> na 



< 2 exp -d 



na 
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Because 4>(h, x) tends to uniformly in |x| < R as h goes to zero, we can choose 6 such that 
if < h< 5 then 

' (3e de 2 



6(h, x) < min < — , 

^ 2 ' 18L 2 



P 



Now, taking the sum over all possible m's, 



F(0, n{h, x)) < n/(0, x) - ne 



< exp(n<j)(h, x) + o{n)) maxP ( F(xai, m i+ i) < n/(0, x) — ne + ^4>(h, x) + o(n) ] 

< exp(n0(/i, x) + o(n)) maxP -^( m t; m »+i) ~ E-F(nii, mj + i) < —ne/2 + o(w)J . 

For n large, so that o(n) < ne/6, we can apply the concentration inequality with a = e/3 to 
get an upper bound of 



2 exp(ri(j)(h, x) + o(n)) exp I —C\ 



ne 2 



9L 2 

By the choice of h, this is summable and therefore we can apply Borel-Cantelli to obtain 

f{0,x)-f{h,x)<e. 
In the other direction, subadditivity implies 

f(h, x) - f(0, x) < f(h, 0) = hEr e < hL , 

which also tends to zero as h goes to zero, uniformly over all x. □ 

Now that we have established Lemma [A.21 continuity of / at the boundary of follows 
immediately from the argument of [HI Lemma 3.3]. 

Lemma A. 3. Suppose P(r e < L) = 1. Then f is continuous on Mi.. 

Proof. The proof is identical to that of [HI Lemma 3.3], replacing each instance of the word 
"concave" by "convex." □ 

The next step is to show that one can remove the truncation and finally prove item (5). 
For general weights r e we define the truncated ones r e L = min{r e , L}. There is a correspond- 
ing free energy i^(u, v) for u < v in R^. and limiting free energy /l( u )- Clearly 

F L (u,v) < F(u,v) and so f L (u) < /(u) . 

The first part of the lemma says that — > f uniformly on compact subsets of R^_, implying 
continuity for /. The second and third parts will be used later in the shape theorem. 
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Lemma A. 4 (Truncation Lemma). Suppose that Kr^ +a < oo for some a > 0. 

1. Given R > and e > there exists L such that 

sup (/(u) - f L (u)) < e . 

|u|i<R 

2. Given e > i/iere exists L such that 

¥(F(0, z) < F L (0, z) + e|z|i /or all but finitely many z e 1%) = 1 . 

5. Given e > i/iere exists L such that 

EF(0, z) < EF L (0, z) + e |z|i /or a// zGZf . 



Proof. We begin by estimating the difference between the free energies. This will be used in 

d 

+> 



all parts of the lemma. For u e 1D '' 



J- , Z^7:0-> U C 1 , Z^7:0-S> u 



F(0,u) - F l( 0,u) = --,og^^_^ = log - 

< max V(r e -r e L ) . (A.8) 

The last term in (1A.8|) is just the last-passage time (see ( 1A.5P ) T L (0, [u]) from to [u] 
using i.i.d. edge weights (f e ) whose distribution satisfies 

with probability P(r e < L) 

T„ — L with probability P(r e > L) 

Since Ef e < oo, (HI Proposition 2.2] implies that the limit shape function 

< G L {u) := lim (l/n)f L (0,nu) < oo 

n—>oo 

exists a.s. and in L 1 . Furthermore, [HI Lemma 3.5(i)] provides a constant c > such that 

POO 

for all zeZ d + , ET L (0, z) < c|z|i / P(f e > ds . (A.9) 

Jo 

The condition Er^ +a < oo implies that the integral on the right is finite. Given e, R > 0, 
choose L such that J °°P(f e > s) 1 ^ ds < e/(cR). Then for any u e such that |u|x < R, 

G L (u) = lim (l/n)ET L (0,nu) < e . 
Therefore, /(u) — /l(u) < Gl( u ) < £, proving part 1. 
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For the second part, use (1A.9|) to choose L large enough that Gx(u) < ||u|i for all 
u G K.I. The shape theorem in last-passage percolation [T5| Theorem 5.1] implies that for 
all but finitely many uGZ 1 



+ • 



aax V(r e - r e L ) - G L (u) 

O^u ' J 



max > ( t, 

7 

eG7 



- 2 1 1 



(A.IO) 



Combining ( 1A.8I) . Gl(u) < | |u|i and flA.101) . we end the proof of part two. 



Part three also follows from (1A.9I) ; given e > we can find L such that for all z 6 Z 1 



ET^(0,z) < e|z|i. Taking expectation in fl A. 8j) and combining with this statement finishes 
the proof. □ 

A. 2 Proof of Proposition 11.21 

If P(r e = 0) = 1 then the model is deterministic and there is nothing to prove. Otherwise 
we use part (ii) of Proposition 11.11 and subadditivity to get 

f(x) f(x) 
0< inf 4V < SU P 7V<rf/(l,0,...,0) = (IEr e <oo. 
o^xeK^ |x|i o^xeR^ l x li 

Therefore to prove the shape theorem we must show the following. For any e > 0, there are 
almost surely only finitely many z G 2!^ such that 

|F(0,z)-/(z)|>e|z| a . 

This statement is a consequence of the following lemmas: 

Lemma A. 5. For each e > 0, 

P (|F(0,z) -EF(0,z)| < e\z\ l for all but finitely many z G Z+) = 1 . 

Lemma A. 6. For each e > 0, for all but finitely many z G TA, |EF(0,z) — /(z)| < e|z|i. 



Proof of Lemma \A.5[ If the weights are bounded by L > then one can apply the concen- 
tration inequality of Lemma IA.1I to obtain: 



P |F(0,z) -EF(0,z)| > e|z| a < 2exp 



£ 2 |z|i 



(A.n; 



For nGN, there are no more than C(n + l) d points z such that \z\\ = n. Thus, 
p(V(0,z) -EF(0,z)| > £|z| x j < 2C^2(n + l) d exp ( 



e 2 n 



zGZ° 



2L 2 



< oo 



and Borel-Cantelli finishes the proof in the case of bounded weights. 

The case of unbounded weights now follows by combining the above result with parts 2 
and 3 of the truncation lemma. □ 
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Proof of Lemma \A.6[ From subadditivity, KF(0, z) > /(z) for all z. Therefore we just need 
to show that if e > then EF(0, z) < /(z) + e|z|x except for finitely many z. 

First, assume that the weights are bounded by L > 0. Fix a > 0. By Proposition II. H 
part (6), / is continuous on W^_, and hence is uniformly continuous on the compact subset 
{x G : |x|i < 2d}. Choose < u < min(l, a) such that 



whenever |x|i < d and |x — x'|i < ud, |/(x) — /(x')| < a . 



Now let 



C = < ur, r G < 0, 1 



C is a finite subset of and for each y G C, we have (by Proposition II. II part (1)), 

— EF(0,ny) ->■ /(y), as n— >• oo . 
n 

Hence there is iV = iV(a) such that, for all n > N and all y G C, 

EF(0,ny)<n(f(y) + a) . 
Let z = (zi, . . . , Zd) in Zl satisfy max z-i > iV. Define 

y = tt 

Then y G C, with (max^)y < z, with |y|i < d and with 

< ud < ad . 



( 








) 




u max Zi 


, . . . , 


m max Zi 





max z,- 



Using first subadditivity, the bound r e < L, then the continuity bounds above, we obtain 



EF(0, z) < EF(0, (max ^)y) + EF(0, z - (max z^y) 

logd 



< EF(0, (max^)y) + + 

< (f(y) + a){maxz i ) + (l + 

< /(z) + (maxZi)(2o+ (L-f 



log d 
\ogd 



|[z - (max^)y]|i 
(|z - (max^)y|i + d) 

y 



max zs 



+ L + 



logcA d 



(3 J m&xzi 



<f( Z ) + (ms X z i )[2a+[L+ l ^]ad+(L 



/3 



/3 / max^j 



Hence if a < e(4(2 + (L + logd)d)) _1 , then for all z with |z|i > max(iV(a), 2(L + 
(1//3) logc?)<i/£), we have 

EF(0,z) </(z)+e|z|i , 
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and this finishes the proof in the case of bounded weights. 

The case of unbounded weights follows from parts 1 and 3 of the truncation lemma. 
Indeed, given e > 0, part 1 gives L such that for all u G with |u|i < 1, f(u) — f L (u) < e/3. 
Then as both limiting free energies are positive homogeneous, 



B Alexander's method 

The goal of this last section is to prove the following lemma, which is based entirely on work 
of Alexander [3] and the extension by Chatterjee [8]. 

Lemma B.l. Given \' > Xa there exists a > such that 



The main task in proving Lemma IB. II is to control the order of deviations of h(x.) : = 
EF(0, x) from /(x). In the zero temperature case this was beautifully done by Alexander in 



[3] and adapted by Chatterjee in [8]. Recently, in the positive temperature case, Alexander 

and Zygouras in [2J showed that EF(0,x) — /(x) = 0( ^7. ) under a certain assumption 
on the weight distribution. Since we take \' > \ a and therefore do not require a fine result 
involving logarithms, we do not need to use the methods developed in [2]. 

We set H x to be any hyperplane tangent to /(x)i? at x. Let H® be the translation of 
that passes through the origin. There exists a unique linear functional / x on M. d satisfying 
/x(y) = for all y G H® and / x (x) = /(x). Note that / x (y) < /(y) for all y. We can see 
this as follows. If y = it is clearly true. Otherwise, y//(y) G B and so / x (y//(y)) < 1- 
Furthermore, since / is convex and symmetric about the diagonal through and e, we have 



f(u) - f L (u) < (e/3)|u|i for all uGlJ 



Now part 3 provides a (possibly larger) L such that also 



EF(0, u) - EF L (0, u) < (e/3)|u|i for all u£lj 



By combining these with the first part of this proof, we are done. 



□ 




/(*)> 



/(e)|z 



i 



(B.l) 



d 



From subadditivity and symmetry we also obtain 



/(*)</(ei)|z 



i 



(B.2) 



Fix x" > Xa- For each x G El, C > and K > define 
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Q X (C,K) := {yeZf: {yU < K\x.\ x , f x (y) < /(x),/i(y) < / x (y) + C|x|f } , 

G x := {yeZj: / x (y) > /(x)} , 
A x := {y G Q x : y adjacent to 7L d \ Q x , y not adjacent to G x } , 
£> x := {y G Qx : y adjacent to G x } . 

Now set 

Q* = Qx(C 1 ,2dV 2 f(e 1 )/f(e) + l) 

where C\ := 320d 2 /a. The following lemma is the analogue of 0, Lemma 3.3] and [HI 
Lemma 4.3]: 

Lemma B.2. There exists a constant C > such that if |x|i > C" i/ien t/ie following hold. 

1. Ify e Q x ^en /(y) < 2/(x) and ^ < 2d§/(e 1 )|x| 1 //(e). 

2. J/y G A x inen ^(y) - / x (y) > d|x|f (log |x|x)/2. 

3. IfyeD x then / x (y) > 5</(x)/6. 

Proof. The proof is as in [HI Lemma 4.3] where equations (IB. II) and (1B.2|) replace equation 
(11), which is not necessarily true in the model considered here. □ 

Although in the last lemma we had to use equations ( IB.lj) and ( IB. 21) to adapt the proof 
of Lemma [B.21 the next result follows directly from [31 Lemma 1.6] (or [HI Lemma 4.2]). In 
fact, those are undirected results, but the directed version follows as in [31 Section 4]. 

Lemma B.3. Suppose that for some M > 1, C > 0, K > and a > 1 the following holds. 
For each x G with |x|i > M , there exists an integer n > 1, a directed lattice path 7 from 
to nx and a sequence of sites = Vq < v 1 < . . . < v m — nx in 7 such that m < an and 
v i — v i-i £ Qx(C ? K) f or all 1 < i < m. Then for some C > and for all x G we nave 

/(x)</ i (x)</(x)+C"|x|f log Mi . 

We now check that the assumption on the existence of the exponent Xa implies that the 
hypothesis of Lemma fB.31 is satisfied with the choices C = C\, K = 2dz f(e{)/ f(e) and M 
large enough. We will need more notation though. 

A collection of vertices (vi), i — 0, . . . , m satisfying the hypothesis of Lemma fB.31 is called 
a skeleton of nx with m + 1 steps. Let S m be the collection of all possible skeletons of nx 
with m + 1 steps. That is, define 

S m = {v : v = {0 < Vi < v 2 < . . . < v m } with v i+1 - v { G Q X (C, K) Vz = 0, . . . , m - 1} . 

By Lemma [B.21 part 1, there exists a constant Cq such that the cardinality of S m satisfies 

\s m \ < (c \*\ir . (b.3) 
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Given a skeleton v, F(vi, f % = 0, . . . , m — 1 are independent random variables. Also, 
by Definition 11.41 and Lemma [B.2\ part 1, there exists C\ > such that for all i, 



II 



Therefore, for all t > 



J2\nvi,v i+ i)-EF{v h v i+1 )\>t) <exp(^- ^^y jCT- (B.4) 



i=0 

IX 



Choosing t = C^mlxl* log|x|! for C*2 large enough, a simple union bound combining 
(IB.3j) with flB.4j) implies that there exist constants C3 and C4 > such that if |x|i > C3 then 



Pi 3 v G S m such that |F(t>j, t> i+1 ) — EF(fj,f i+1 )| > C 2 m|x|* log |x|i j < e 
This however implies that |x|i bigger than some C5, 



/ m_1 » \ 

PI 3m > 1, v G 5 m such that — EF(uj, Vi + i)\ > C2m|x|^ log|x|i J 

^ i=0 ' 

< (l/2)e~ C4mlog|x|1 . (B.5) 

Once equation (1B.5I) is established one can follow the same lines as in the proof of [31 
Proposition 3.4] to show that the hypothesis of Lemma [B.3I is satisfied. Namely, we obtain: 

Lemma B.4. There exists a constant C such that if |x|x > C then for sufficiently large n 
there exists a directed lattice path from to nx with a skeleton of 2n + 1 or fewer vertices. 

We finish this section with the proof of Lemma IB.li 

Proof of Lemma \B. 11 Given x' > Xa, let %" be such that \' > x" > Xa- Taking a as in 
Definition 11.41 Lemma [B.3I (applied to x") combined with the triangle inequality implies the 
existence of C, C > such that for all x G \ {0}, 

/ |F(0,x)-/(x)| ^ / |F(0,x)-EF(0,x)| ^ 
Eexp a ; < GEexp a ; < G . 

V J V |x|J / 

□ 
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